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Abstract 

We prove completeness and interpolation for infinitary predicates 



> 

OO 

£f~) ■ intuitionistic logic, by proving new neat embedding theorems for Heyt- 

lO , ing polyadic algebras. Also we formulate and solve the analogue of 

the lengthy discussed finitizability problem in (classical) algebraic logic, 
which has to do with finding finitely based varieties adequate for the 

(f-} . algebraisation of predicate intuinistic logic circumventing non-finite ax- 

iomatizability results. 

a 

kn ■ We follow standard notation. G will always be a semigroup of transforma- 

tions on a set or ordinal (well ordered set) under the operation of composition. 
All undefined terms, concepts in this part of the paper which we use extensively 
without warning are found in Part 1. Cross references will be given. 

This part is organized as follows. In section 2 we give a simple proofs 
of representation theorems for the countable case, using ideas of Ono. In 
section 2, we prove various representation theorems in the presence of diagonal 
elements. 

1 Simpler proofs 

Throughout G is a semigroup. We start by giving a simpler proof of our rep- 
resentability results when G consists only of finite transformations and G is 
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strongly rich. We assume that everything is countable; algebras, dimensions 
and semigroups. We do not study the case when G consists of all transfor- 
mations since in this case we have uncountably many operations (even if the 
dimension is countable. 

Dimensions will be specified by countable ordinals for some time to come. 
An u dilation of an algebra of dimension a is its minimal dilation of dimension 
a + oj. Our next proof is a typical Henkin construction that does not involve 
zigzagging. It as an algebraic version of a proof of Ono, but it proves much 
more. 

We treat the two cases simultaneously; V denotes the class of algebras and 
^xfLV denotes the free countable V algebra, where p is not dimension restricting 
in the second case while a ~ p(i) is infinite in the first case [cf. definition ? in 
part 1]. 

Definition 1.1. (1) Let 21 be an algebra. Let T, A C 21. We write T — > 

A, if there exist n, m G u>, a±, . . .a n G T, 6 1; . . . b m G A such that Oi A 
. . . a n < bi V . . . b m . Recall that a pair (T, A) is consistent if not r — > A. 

(2) We say that a theory (T, A) is complete, if it is consistent and TU A = 
21. 

(3) A theory (T, A) is Henkin complete in 21 if it is complete and satu- 
rated, r C A is saturated, if there exists (equivalently for all) AC4, 
such that (r, A) is saturated. 

Definition 1.2. (1) Let F C &g*X l and 0,A C &g*X 2 . Then a G 

&g m (X 1 n X 2 ) separates V from (0, A) if Y -+ {a} and 9U{a}-) A. 
In this case we say that T can be separated from (0, A). Otherwise T is 
inseparable from (0, A) with respect to 21, X\, X 2 , or simply inseparable, 
when 21, Xi and X 2 are clear from context. 

(2) We say that a G &g (Xi fi X 2 ) separates Y from A if a separates Y 
from (0, A), that is to say, if Y — > {a} and {a} — > A. 

Lemma 1.3. (Essentially Ono's) let G be the semigroup of all finite transfor- 
mations on a. Let 21 G GPHA a and assume further that a ~ Ax is infinite 
for every x in A. Suppose that Y C &g Xi and 0,A C &g 2 X 2 . IfY is in- 
separable from (0, A) with respect to X x and X 2 , then there exist an u dilation 
93 of% Y' C &g (3 X l and 0', A' C 6^X 2 , such that 

1. rcf and Y' is saturated in Gg^Xi. 

2. C 0' and ACA' and (0', A') is Henkin complete. 

3. (V n 0', A') is Henkin complete and A' = A' n Gg s (X l n X 2 ). 



4- T' is inseparable from (0',A'). 

Proof. For each i G to, we will construct subsets Tj of ©(7 (ATi) and 0j, Aj of 
(5g (X 2 ) satisfying the following 

(1) r^roc^c^c.., 
e = e c9ice 2 c.., 

A = A CA 1 CA 2 C .... 
(2) Ti is inseparable from (0j, Aj) with respect to &g (Xi fl X 2 ). 

Let (aj : i G w) be an enumeration of &g (Xi fl X 2 ), (h : i E u>) be an 
enumeraton of (5g (A^i) ~ &g (X\ fl X 2 ) and (q :i 6 w) be an enumeration 
of &g*(X 2 ) ~ ©^(Xi n X 2 ). 

First observe that T is inseparable from (0,A) with respect to the big 
algebra 23 and Xi and X 2 . For if not, then there exists b G &g (X± fl X 2 ) 
such that T — y {b} and © U {b} — > A. By lemma ??, there is a finite set J, 
such that 

c (J) 6 e <rtt Q 6<7®(Xi n x 2 ) = 6^ aB (x 1 n x 2 ) = ©/(^ n x 2 ), 

but then we would have T — >■ {c(j)6} and U {c(j)6} — > A which is impossible. 
So, (2) holds when % — 0. Next, suppose that « > and inductively for each 
k < i, T k ,Q k and A fc satisfying the conditions (1), (2), are defined. We also 
assume inductively that 

(3 ~ (J Ax U (J Ax U (J Ax 

xdTi x£@i xdAi 

is infinite for all i. This is clearly satisfied for the base of induction. We treat 
three cases separately. 

1. i — 3m + 1. Since the sentence a m belongs to &g*(X 1 fl X 2 ) either 
r^-i U {a m } is inseparable from (0j_i U {a m , Aj_i), or Fj_i is inseparable 
from (0j_i,Aj_i U {a m }). Suppose that the former case holds. 

We distinguish between two subcases: 

Subcase (1): a m 7^ c^x for all k < (3 and x G B. Set Tj = Fj_i U {a m }, 
©i = ©i-i U {a m } and Aj = A;_i. 

Subcase (2): a m = c k a for some k < (3 and a G B. Then set Ti 



T^i U {a m , s^a}, 0j = 0j_i U {a m , s^a} and Aj = Aj_ : , where 



j G /3 ~ [J Ax U (J Ax U (J Ax. 

x£Fi-i x£0i-i xeAi_i 



Such a j exists by the induction hypothesis. Then Tj is inseparable from 
(©*,A*). 

Suppose next that the latter case holds. Then, define Tj = rV_i, 6« = 
9j_i and Aj = Aj_i U {a m }. 

In each subcase, as easily checked, the conditions (1) and (2) hold for Tj, 

©j and Aj. 

2. The case where i = 3m+2. Suppose first that some sentence in &g (Xifl 
X 2 ) that separates Ti_iU{b m } from (0j_i, Aj_i). Then, define Tj = IVi, 
©i = ©j-i, Aj = Aj_i. Next suppose otherwise. 

Subcase 1: When b m is not of the form c^b for any k G /3 and ft G -B; 
we define Tj = IVi U {ft m }, ©« = 0j_i and Aj = Aj_i. 

Subcase 2: When b m is equal to q.6 for some k & (3 and b £ B, define 
Tj = IVi U {b m , sft}, 0j = 0j_i and Aj = Aj_i where 

j G (3 ~ (J Ax U (J Ax U (J Ax. 

iEgr\_i i£6i-i ieAi_i 

In any case, we have Tj is inseparable from (Gj,Aj). 

3. The case where % = 3m + 3. As in the two previous cases, either 
Tj_x is inseparable from (Oj_i U {c m }, Aj_i) or IV-i is inseparable from 
(9j_i, Aj_! U {c m }). If it is the latter case, then set Tj = T^i, 6j = ©j_i 
and Aj = A$_i U {c m }. If it is the former case, when c m is not of the 
form CfcC for any k G [3 and c G B, define Tj = Tj_i, 0j = Oj_i U {c m } 
and Aj = Aj_i. If there exists c6 *B, and k G (3 such that c m = CfcC, set 
Tj = IVi, 6j = 0j_i U {c m , s k jc} and Aj = Aj_ x where 

j e (3 ~ [j Ax U (J Ax U (J Ax. 

irer\_i ieg©;_i ieAi_i 

In each case, the conditions (1) and (2) are satisfied. 

Now, we define V = \Ji<^i, & = \J t<uj e t and A' = \J l<u U Clearly, V is 
inseparable from (G',A'), by (1) and (2). 

We will prove that V is saturated in &g (Xi). 

We first prove 

Claim For any b in &g X 1; b is in V if and only if Tj U {b} is inseparable 
from (0j, Aj) for every i. 

Proof of Claim. Suppose that for each i, FjU{6} is inseparable from (Gj, Aj). 
Assume that b = b m and let k = 3m + 1 if b belongs to &g (Xi fl X 2 ) and 
k = 3m + 2 otherwise. Then b G T^ C T', by the fact that i"fc_i U {b m } is 
inseparable from (0fc_i,Afc_i). 



Conversely, suppose that b G V. Let J = {i G u : b G Tj} and let 
/i = minJ. Then for any i such that h < i, TjU {6} is inseparable from (Oj, Aj), 
since Tj U {6} = Tj. So, suppose, seeking a contradiction that for some i < h, 
we have FjU{5} is separated from (0j, Aj). Then, it follows that I\(= ThU{b}) 
is also separated from (9^, Ah). But, this contradicts (2). Hence, Tj U {b} is 
inseparable from (Oj, Aj) for each i. ■ 

Now, we will show that (I", &g X\ ~ V) is consistent. If not, then, there 
exist Oi . . . a m in T' and &i . . . 6 n in &g (Xi) ~ T such that Aj=i a j — Vj=i fy- 
For each j, there exist a number /c^ and an element dj G &g (Xi fl X 2 ), such 
that dj separates T^ U {&,-} from (6^, A^). Take k E u, such that fcj < A; 
for each j and oi . . . a m G T^. Such a A; of course exists. Now V?=i 4? m 
6(7 (X x fl X 2 ), separates T fe U {V?=i fy} fr° m (®fc> A. fc ). Since Oi . . . a m G T fc 
and Ayli a j — V?=i bj, then we can infer that V?=i 4/ separates also r*. from 
(6fc,Afc). But this contradicts (2). 

Hence, (T', ©g X\ ~ r') is consistent. By construction it is also Henkin- 
complete in Sg^Xi . Thus, V is saturated in &g (Xi). That (©', A') is Henkin- 
complete in &g X 2 is absolutely straightforward. From this, it immediately 
follows that (r' fl ©', A') is consistent. Let a G 6g <s (X fl X-i). Suppose that 
a <£ A'. Then, a G 0', since (G',A') is complete in &g X±. On the other 
hand, a is in either T' or A' by our construction. Hence, a G V and, therefore, 
a G r'flO'. This means that (T'nO', A') is complete, and also Henkin-complete 
by construction. ■ 

Remark 1.4. The proof works verabtim when G is stronly rich. 



Theorem 1.5. Let 21 = 3x^V, where \p\ = to, r C &g^X\ and ©o,A C 
&g X 2 . If Tq is inseverable from (0o,A o ) then the theory (T U Oo,A ) is 
satisfiable. That is to say, there exists & = (K, < {Xj,} keK:{Vk} fcex) , a homo- 
morphism ip : 21 — >■ $k, k G K , and x G V ko , such that for all p G r U 9 if 
i'ip) = (fk), then fk {x) = 1 and for dip G A ifip(p) = (g k ), then g ko {x) = 0. 

Proof. We provide the proof when G is the set of all finite transformations. 
Fix p such that a ~ p(i) is infinite for every % G \x. Form a sequence of minimal 
dilations 21 = <B C «Bi C . . . <Boo, where for n < u, <B„ G GPHA a+n . Now by 
lemma ??, we have for k < I < u, 23^ = 9Ttfc23/ and for all X C B k , we have 
&g k X = 'Olxk&g l X. In this case we can give a more concrete description of 
the dilations. It will turn out, as we proceed to show in a minute, that 93 z is the 
dimension restricted free algebra on \x generators in a + I dimensions restricted 
by p. For n < u>, let j3 = a + n. For brevity, we write Hom($l, 23) for the set 
of all homomorphisms from 21 to OS. Let V} = GPHAj. In view of lemma ??, 
it suffices to show that the sequence {ri/Cr^Vp : r\ < p) V a - freely generates 



Wta^xfSVp). Towards this end, let 03 G V a and a = (a n : i] < p) G ^B 
be such that Aa v C p(rj) for all rj < p. Since r Bx p {V a ) is in Dc a , we have 
| a \ UferP^I — u f° r eac ^ finite rC/j, Assuming that i?ga generates 03, we 
have 03 G L>c Q . Therefore 03 G SOtt*^. Let D = ^{Vp). 

We claim that x = (Tj/Cr^V^ : r\ < p) G M -D SOTVaX^ - freely generates 
Sg^^Rgx. Indeed, consider £ G OTtcVg and y G M C such that Ay v C p?y for 
all 77 <C ^t. Let £' G Vg be such that £ = <yit a €'. Then clearly y G M C" and 
Ay^ C a for all 77 < p. Then there exists ft G Hom(1), €.') such that ho x = y. 
Hence ft G Fom(9lO a 0,9ll) a C'). thus ^ e Hom(&g™ a ® Rgx,Gg maC ' h(Rgx)). 
Since i?gx C Nr a D, we have ft G Hom(&g Xa Rgx, (£). We have proved our 
claim. 

Therefore there exists, by universal property of dimension restricted free 
algebras, a homomorphism ft : &g Ta Rgx — > 03 such that h{r\jCr p K^) = a v . 
But tffc^^) = mt a (eg®Rgx) = Gg^^Rgx. Therefore (ri/CrftVp) : 77 < 
//) 14 freely generates Vtta&cfriVp). We have proved that ^V a = yiv a $x£Vp, 
via an isomorhism that fixes the generators. Hence the (minimal) dilations are 
nothing more than dimension restricted free algebras in extra dimensions < u, 
also restriced by p 

Now T is inseparable from (0 O ,A O ) with respect to 23, X\ and X 2 , and 
so there exist by lemma Ol T' C Bg* 1 ^), and Q' ,A' C eg f8l (X 2 ) such 
that (T^E^^e^A'o) and (r' n & ,A' ) are Henkin complete in ©^(Xi), 
&g S2 {X 2 ) and 6/(1^13) respectively, where E' = e g <Sl (X 1 ) ~ r' and 

We define inductively for each fc G u a set M^ each of whose members is a 
pair of the form (T, 9) such that T C &g fBk (X 1 ), and 6 C 6y® fe (X 2 ), and the 
following hold: 

(i) r' cr,e' ce, 

(2) (r, E), (6, A) and (me, EHA) are Henkin complete in &g* h X x , &g &k (X 2 ) 
and &g <Bk (X 1 n X 2 ), respectively, where E = 00** (Xi) ~ T and A = 

eg**(x k )~e. 

1. At k = 0, set H/o = {(r^,0^)}. 

2. Suppose that Wfc_i has already been defined and that each member of 
H4_i satisfies (1) and (2). For each (T,Q) G M fe _i for all a G E U A of the 
form d — > e or qja we construct a pair satisfying (1) and (2) and put in into 
Mfe. Here (a) and (b) are analogous to Claims 1 and 2 in the proof of ??. 

First take d — > e G A. Then F is inseperable from (0 U {d}, e) with respect 
to 6y Bfc - 1 (X 1 nX 2 ), so there exists T' C 6^ fe (^i) and 9', A' C ©^(Xa) 
satisfying (1) and (2), and 6 U {d} C 6' and e G A'. If q^a G A. Then 
T is inseprable from (Q,s\.a) where k G dimB k ~ dimB^i, with respect 
to ©^^(Xi n X 2 ). Now let K = \J keuj W k ; K is the set of worlds. If 
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i = (A,T) G W k , let M k = co + k.n. If ^ = (Ai,r x ) and i 2 = (A 2 ,r 2 ) are in 
K, then set 

H<i 2 ^^M il CM i2 ,A 1 CA, 

This is a preorder on K; define the kripke system & based on the set of worlds 
K as before. Set ip : 21 — > ^ by ^i(p) = (/;) such that if I = (A, r) G A is 
saturated in 2U, and M k = dimSlk, then for x G 14 = U P eG„ "M^ , 

f k (x) = 1 <=^> s 2 '",. , »GA. 

Let fc = (A w , r w ) be provided by lemma [Q| that is a Henkin complete satu- 
rated extension of (A , T ) in 53 1; then ?/>, fc an d ^^ are as desired. 

■ 

Remark 1.6. The proof works verabtim when G is stronly rich. Theorem is 
the special case of MAIN proved in part 1, when the first pair is just (0, _L). 
This weaker version suffices to prove interpolation, see the proof of theorem ? 
in part 3. 

2 Presence of diagonal elements 

All results, in Part 1, up to the previous theorem, are proved in the absence of 
diagonal elements. Now lets see how far we can go if we have diagonal elements. 
Considering diagonal elements, as we shall see, turn out to be problematic but 
not hopeless. 

Our representation theorem has to respect diagonal elements, and this 
seems to be an impossible task with the presence of infinitary substitutions, 
unless we make a compromise that is, from our point of view, acceptable. The 
interaction of substitutions based on infinitary transformations, together with 
the existence of diagonal elements tends to make matters 'blow up'; indeed this 
even happens in the classical case, when the class of (ordinary) set algebras 
ceases to be closed under ultraproducts [H] . The natural thing to do is to 
avoid those infinitary substitutions at the start, while finding the interpolant 
possibly using such substitutions. We shall also show that in some cases the 
interpolant has to use infinitary substitutions, even if the original implication 
uses only finite transformations. 

So for an algebra 21, we let $K02l denote its reduct when we discard infinitary 
substitutions. 9ft)2l satisfies cylindric algebra axioms. 

Theorem 2.1. Let a be an infinite set. Let G be a semigroup on a containing 
at least one infinitary transformation. Let 21 G GPHAE a be the free G algebra 
generated by X, and suppose that X — X\ Ul 2 . Let (A ,r ), (©cTq) be 
two consistent theories in &g ° X\ and <Bg ° X 2 , respectively. Assume that 



T C &g^(X 1 n X 2 ) and r C T*. Assume, further, that (A n O n &g m X 1 n 
&g*X 2 , T ) is complete in &g^ m X 1 n &g m% X 2 . Then there exist &={K,< 
{Xk}keK{Vk}keK), a homomorphism ip : 21 — > $k, ko £ K, and x G \4 o; snc/i 
t/iat /or a// p G A U 60 if i/)(p) = (fk), then fk (x) = 1 and for all p G Tq i/ 
^(p) = (/*)> ^en /fc (x) = 0. 

Proof. The first half of the proof is almost identical to that of lemma ??. 
We highlight the main steps, for the convenience of the reader, except that we 
only deal with the case when G is strongly rich. Assume, as usual, that a, 
G, 21 and Xi, X 2 , and everything else in the hypothesis are given. Let I be 
a set such that /3 — \I ~ a\ — max(\A\, \ct\). Let (K n : n G u) be a family 
of pairwise disjoint sets such that \K n \ = (3. Define a sequence of algebras 
21 = 2lo C 2li C 2I2 Q 2I2 • • • Q 2l n . . . such that 2t n+ i is a minimal dilation of 
2l„ and dim(Ql n+ i) = dim2l n U K n .We denote <iim(2l„) by I n for n > 1. The 
proofs of Claims 1 and 2 in the proof of ?? are the same. 

Now we prove the theorem when G is a strongly rich semigroup. Let 

K = {((A, T), (T, F)) :3neuj such that (A, T), (T, F) 

is a a matched pair of saturated theories in &g ° n Xi, &g ° n X2J. 

We have ((A ,r ), (Go, Tq)) is a matched pair but the theories are not sat- 
urated. But by lemma ?? there are T x = (A w ,r w ), T 2 = (0 w ,r*) extend- 
ing (A ,r ), (6 , Tg), such that T x and T 2 are saturated in Qg^^Xi and 
6/ ttai X 2 , respectively. Let k = ((A w , r w ), (6 W , T*)). Then A; G F, and A; 
will be the desired world and re will be specified later; in fact x will be the 
identity map on some specified domain. 

If i = ((A, r), (T, F)) is a matched pair of saturated theories in &g ° n X\ 
and &g ° n X 2 , let Mj = dim3i n , where n is the least such number, so n is 
unique to i. Let 

K = (tf,<,{M<},{V;}) ie a, 

where V t = U peGn , P a finitaxy transformation a M i P) ( here we are considering only 
substitutions that move only finitely many points), and G n is the strongly 
rich semigroup determining the similarity type of 2l n , with n the least number 
such i is a saturated matched pair in 2l n , and < is defined as follows: If 
ii = ((Ai, TO), (Ti, Fi)) and « 2 = ((A 2 , T 2 ), (T 2 , F 2 )) are in K, then set 

ix < i 2 <!=}► M n C M i2 , A x C A 2 , T x C T 2 . 

We are not yet there, to preserve diagonal elements we have to factor out K by 
an infinite family equivalence relations, each defined on the dimension of 2t ra , 
for some n, which will actually turn out to be a congruence in an exact sense. 
As usual, using freeness of 21, we will define two maps on 2li = &g a X 1 and 



2t 2 = &g <nm X 2 , respectively; then those will be pasted to give the required 
single homomorphism. 

Let i = ((A, T), (T, F)) be a matched pair of saturated theories in <Sg ° n X\ 
and &g ° "X 2 , let Mi = dimQl n , where n is the least such number, so n is 
unique to i. For k, I G dim% n = I n , set k ~« / iff d^ n G A U T. This is well 
defined since A U T C 2l n . We omit the superscript 2l n . These are infinitely 
many relations, one for each i, defined on I n , with n depending uniquely on 
i, we denote them uniformly by ~ to avoid complicated unnecessary notation. 
We hope that no confusion is likely to ensue. We claim that ~ is an equivalence 
relation on /„. Indeed, ~ is reflexive because da = 1 and symmetric because 
dy = djf, finally E is transitive because for k,l,u < a, with I ^ {k, u}, we have 

dn • di u < Ci(dki ■ di u ) = dk u , 

and we can assume that T U A is closed upwards. For a, r G 14, define a ~ r 
iff o(i) ~ t(i) for all j6q. Then clearly a is an equivalence relation on 14- 

Let Wk = 14/ ~, and ^ = (if, <, Mk, Wk)keK, with < defined on K as 
above. We write h = [x] for x G 14 if #(*)/ ~ = ^(*) f° r a ^ ^ G a; of course X 
may not be unique, but this will not matter. Let $& be the set algebra based 
on the new Kripke system ^ obtained by factoring out K. 

Set Vi : &g m *X 1 -> fo by ^i(p) = (A) such that if k = ((A, T), (T, F)) G 
if is a matched pair of saturated theories in &g ° n Xi and &g ° n X 2 , and 
Mfc = dim'Qln, with n unique to /c, then for x G W4 

with x G 14 and [x] G W4 is define as above. 

To avoid cumbersome notation, we write s^ n p, or even simply s x p, for 
s ", T , p. No ambiguity should arise because the dimension n will be clear 
from context. 

We need to check that ip\ is well defined. It suffices to show that if a, r G 14 
if a ~ r and p G 2t ra , with n unique to k, then 

s T p G A U T iff s a p G A U T. 

This can be proved by induction on the cardinality of J = {i G I n : a% ^ 
ri}, which is finite since we are only taking finite substitutions. If J is empty, 
the result is obvious. Otherwise assume that k G J . We recall the following 
piece of notation. For i] G 14 and k,l < a, write r](k i— > I) for the rj' G V that 
is the same as 77 except that r)'(k) = I. Now take any 

A G {r] G I n : ^{q} = ^{r]} = {r]}} \ Ax. 



This A exists, because a and r are finite transformations and 2l n is a dilation 
with enough spare dimensions. We have by cylindric axioms (a) 



We also have (b) 
and (c) 

and (d) 



s a x = s^ k s a(k ^ x) p. 



S^(d A , CT fe A S a p) = 6rk,<rkS ff p, 
s^ k (d x ,ak A S a(k ^ X )P) 

= drk,crk A S CT ( fe ^ Tfc )p. 



d\,ak A S ak S a ( kh ^\)p = d\ : ak A S a ( kh ^\)p 

Then by (b), (a), (d) and (c), we get, 

d T k,ak A S a p = S^ k (d X ,ak ■ S a p) 

= s^.(d A , CT fc A s* k s a{k ^ X} p) 

= s Tk (d\ tak A s a ( kl ^ X )P) 

= d Tkak A s a ( k ^ Tk -)p. 

The conclusion follows from the induction hypothesis. Now if>i respects all 
quasipolyadic equality operations, that is finite substitutions (with the proof 
as before; recall that we only have finite substitutions since we are considering 
&g ° X\) except possibly for diagonal elements. We check those: 

Recall that for a concrete Kripke frame #w based on W = (W, <, V k , W k ), 
we have the concrete diagonal element dy is given by the tuple (g k : k G K) 
such that for y G V k , g k {y) = 1 iff y(i) = y(j). 

Now for the abstract diagonal element in 21, we have ipi(dij) = (f k : k & K), 
such that if k = ((A, T), (T, F)) is a matched pair of saturated theories in 
&g m * n X 1 , &g m%n X 2 , with n unique to i, we have f k ([x]) = 1 iff s^ G AUT 
(this is well defined A U T C 2t n ). 

But the latter is equivalent to d x u\ x u\ G AUT, which in turn is equivalent to 
x(i) ~ x(j), that is [x](i) = [x](j), and so (f k ) G dff. The reverse implication 
is the same. 

We can safely assume that X\ UX2 = X generates 21. Let if> = ipi U if>2 t -X- 
Then ^ is a function since, by definition, if>i and f/>2 agree on Xi fl X 2 . Now 
by freeness if> extends to a homomorphism, which we denote also by if) from 21 
into ##• And we are done, as usual, by if), k and Id G \4 . ■ 

Theorem ??, generalizes as is, to the expanded structures by diagonal ele- 
ments. That is to say, we have: 
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Theorem 2.2. Let G be the semigroup of finite transformations on an infinite 
set a and let 5 be a cardinal > 0. Let p G S p(oc) be such that a ~ p(i) is 
infinite for every i G 5. Let 21 be the free G algebra with equality generated 
by X restristed by p; that is 21 = $x$GPHAE a , and suppose that X = X\ U 
X 2 . Let (Ao,r ), (©cTq) be two consistent theories in &g^Xi and &g^X 2 , 
respectively. Assume that T C <3g (Xi fl X 2 ) and r C TJ. Assume, further, 
that (A n O n &g % X 1 n 6g*X 2 , T ) is complete in &g*X 1 n &g*X 2 . Then 
there exist a Kripke system R = (K,< {Xk}keK{Vk}k£i<), a homomorphism 
ip : 21 — > $k, ko G K , and x G Vt , such that for allp G A o U0o ifipip) = (fk), 
then fk (x) = 1 and for all pGTJ ifi/>(p) = (fk), then f ko (x) = 0. 

Proof. 9t02l is just 21. ■ 

Remark 2.3. Theorem extends to the presence of diagonal elements by using 
a simpler version of the congruence relation defined above. For n G u, and a 
pair % = (A, T) in 2l n , for k, I G dimQl n , set fc ~j / iff d^ n G A. 

2.1 Neat Embedings and the finitizability problem for 
intuitionistic predicate logic 

Let a be an infinite ordinal. We set: 

RGA a = SPJ^k : K a Kripke system of dimension a}. 

We refer to RGA a as the class of representable G algebras. The next theorem 
is analogous to the celebrated so-calle neat embedding theorem of Henkin in 
cylindric algebras. For a < 0, let SVX^GpPHAp = {21 G G a PHA a : 393 G 
GpPHAp : 21 C mt a <B}. 

Now using the previous lemmas, we prove a neat embedding theorem: 

Theorem 2.4. (1) When G is strongly rich (and a is countable) or G 

consists of all transformations, then RGA a = GPHA a 

(2) When G consists only of finite transformtations, then we have RGA a = 
Syiz a G a+ul PHA a+u} - In particular, RGA a is a variety. 

Proof. First it is easy, but tedious, to verify soundness, namely, that RGA a C 
GPHA a . One just has to check that equational axioms for G algebras hold in 
set algebras based on Kripke systems. The other inclusion of (i) follows from 
??, since for a class K C GPHA a , we have 21 G SPfT, if and only if, for all 
non-zero a G 21, there exists 23 G K and a homomorphism / : 21 — > 23 such 
that f\a) ^ 0. 

We now show (ii). It suffices to show that for infinite ordinals a < (3, 
if K is a Kripke system of dimension a and M is one of dimension /3, then 
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Sk C Vlt a d M . Assume that £ K = {/ = (/* : k G K); f k : a X^ -> D, fc < 
fc' =► /* < /fc} and that £ M = {<? = (9k :keK);g k : ?X^ -> D,fc < 
fc' ==>■ g% < <?&} are Kripke set algebras based on the given Kripke systems 
of dimension a and (3, respectively, with operations defined as usual. Define 
^ : i?k — > $m by (ipf)k — hk where hk \ a = fk and otherwise is equal to the 
zero element. Then \l> neatly embeds 3k into 3m, that is it embeds 3k into 
tffra^M- Tnis shows tn& t RGA a C S9Tr Q G Q+w PiM Q+w . 

The converse inclusion (which is basically an algebraic version of a com- 
pleteness theorem) is slighly more difficult. Assume that 21 C 9Tt Q *B. Let 23' = 
&g A. Then 03' G G a+ul PHA a+UJ . This follows from the following reasoning. 
Let /3 = a + w. Then \/3 ~ a| > w, and Aa C a for all a G A, it follows by a 
simple inductive argument that for all y G Qg^A, \/3 ~ Ay| > u. Hence by ??, 
03' is represent able, and so is 21, for 0Tt Q *B' is representable and a subalgebra of 
a representable algebra is representable. To show that 9Tt Q 23' is representable, 
it suffices to take £ K = {/ = (fk ■ k G K); f k : X ( k Id) ^D,k<k' =► f k < 
f' k } and show that 9Tt a 3K is representable. But clearly the latter is isomorphic 
to d^ = {(fk \ a :keK):f k \ a: «xf° -> £>, fc < fc', /* < /£}. 

Now we prove something stronger than what is required at the end of item 
(ii). We show that for infinite ordinals a < (3, SyitaGpPHAp is a variety. 
It is closed under forming subalgebras by definition. It is closed under prod- 
ucts, since for any system of algebras (*8j : i G I) we have Yliei ^a^i = 
Ofca Yliei ®«, y ia the map (a* : i G I) i->- (oj : i G /) which is evidently one to 
one, surjective and a homomorphism. 

We show that the S'VlKaGpPH Ap is also closed under homomorphic images. 
Let 21 C 9?t a *B, and I an ideal of 21. We will show that that homomorphic 
image 21// of 21 is in S , yix a GpPHAp. Let J be the ideal generated by I in *B. 
Then J n A = I. Define / : 21/7 -> 0tr Q (2l/J) by /(x/J) = x/J, then / is an 
embedding, and we are done. 



2.2 The Finitizability for Heyting Polyadic algebras with 
and without equality 

Item (1) in theorem 12.41 says that there is a finite schema axiomatizable vari- 
ety consisting of subdirect products of set algebras based on Kripke systems 
(models) of a natural extension of ordinary predicate intuitionistic logic. This 
schema can be strictly cut to be a finite axiomatization, that can be easily 
implemented, using the methods of Sain in [44J where an analagous result 
addressing first order (classical) logic without equality is proved. 

The following theorem is the algebraic version of weak completeness see 
theorem ? in part 3. The theorem for classical algebras and its logical conse- 
quences are proved in [33]. Almost the same proof works in our intuitionistic 
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context (note that (i) and (ii)) are obvious. We omit the proof, which can be 
easily recovered from [H] using fairly standard machinery of algebraic logic 
dealing with the "bridge" between universal algebraic results and their logical 
counterparts. 

In the presence of diagonal elements we have: 

Theorem 2.5. Let G be rich, then we have 

(i) GPHAE^ consists of subreducts of full polyadic equality Heyting al- 
gebras. 

(ii) SDWcaGPHAE^ = RGA^. In other words, the class of representable 
algebras of dimension u coincides with the class of subreducts ofGPHAE^ 

(Hi) HGPHAEu is a finitely based variety. 

Proof. [B]. ■ 

Theorem 2.6. For rich G, GPHAE a is not closed under ultraproducts 

In the absence of diagonal elements, a stronger form of the above theorem 
holds, for in this case GPHE^ is itself is a finitely based variety. In fact in thi 
case we have: 

Theorem 2.7. Let G be strongly rich, then we have 

(i) GPHA^ consists of subreducts of full polyadic Heyting algebras. 

(ii) SDlQcaGPHAEu = RGH^. In other words, the class of representable 
algebras of dimension u coincides with the class of subreducts ofGPHAE^ 

(Hi) RGHu is a finitely based variety that has SUPAP. 

Proof. [33]. ■ 

In a forthcoming publication for different semigroups G , we introduce an 
intuitionistic logic (with equality) £q(£q), where formulas have infinite length 
extending predicate intuitionistic logic. 

We show using our algebraic results that several such logics are complete 
and have the interpolation properties, while others do not, pending on G. In 
the presence of equality, our positive results are weaker. 

When we deal with those logics whoe atomic formulas exhaust the set of 
all variables; no variables lie outside formulas, we discover that the borderline, 
that turns negative results to positive ones are the presence of infinitary trans- 
formations, at least two, where one is injective and not onto and the other is 
its left inverse. These transformations move infinitely many variables, and per- 
mits one to form dilations in spare dimensions, an essential feature in forming 
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succesive extensions of theories. We show that the presence of such transfor- 
nations is also necessary, in the sense that their presence cannot be dispensed 
with. If only finite transformations are available, then, without imposing any 
conditions on dimension sets of elements, representability and amalgamation 
fail in a strong sense. 
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